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Abstract

The boundary element method (BEM) has been applied to the calculation of dielectric spectra of suspensions of rod-shaped cells using

two kinds of models: model-R consisting of a cylinder and two hemispheres and model-PU of prolate spheroid shape. Both models have an

insulating shell phase of a uniform thickness. The calculations were compared with those using a conventional spheroidal model with a

confocal shell (model-PC) and previous observations on rod-shaped yeast cells. The differences among the three models were not

considerable and all the models succeeded in interpreting the observed data on yeast cells. D 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Biological cell suspensions show dielectric relaxation

due to interfacial polarization in the radio-frequency region

[1–4]. Since the dielectric relaxation of this kind is sensitive

to cell shape, dielectric spectroscopy is effective in detecting

changes in cell shape in situ, such as those of yeast cells

with the growth [5–8] and of erythrocytes under high

pressures [9].

To assess the effects of cell shape on the dielectric

relaxation, an ellipsoidal cell model with a confocal shell

has been used [5,7,10–12]. These cell models, however,

cannot necessarily represent real shape of cells and do not

meet uniformity of thickness of the plasma membrane.

These discrepancies between cells and their models depress

reliability of the theoretical analyses. Recently, we devel-

oped a method for calculating dielectric spectra of suspen-

sions using the boundary element method (BEM) [13,14].

The calculations showed that the dielectric spectra for cell

models in the shape of doublet and biconcave could not be

imitated by the conventional spheroidal models [13], and

that the nonuniformity of the thickness of the shell phase in

w/o/w emulsions altered the dielectric spectra [14]. These

situations mean that theoretical calculations based on real-

istic cell models are needed for reliable analyses of dielectric

spectra. In the present study, theoretical calculations are

made by the BEM method to reexamine the dielectric

spectra of the suspensions of rod-shaped yeast cells that

were studied previously [7].

2. Models and method of calculation

2.1. Cell models

Biological cells that the cytoplasm is covered with the

plasma membrane may be represented by shelled models

consisting of an inner phase and a shell phase [1–4]. To

examine the effects of the cell shape and the uniformity of

the membrane thickness, we used three models R, PU, and

PC with diameter D and length L, as shown in Fig. 1.

Model-R is of rod shape with a cylinder of diameter D and

length L�D, and two hemispheres of diameter D. Model-PU

is a prolate spheroid characterized by semiaxes D/2 in xy-

plane and L/2 along z-axis. The thickness T of the shell

phase of model-R and -PU is made uniform. Model-PC,

which has been used in conventional theoretical calculations

[10–12], consists of two confocal prolate spheroids, the

outer one being the same as the outer surface of model-PU

and the inner one being characterized by semiaxes [(D/
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2)2�K]1/2 and [(L/2)2�K]1/2, where K is a parameter repre-

senting a family of the confocal surfaces. The shell phase is

the region between these two spheroidal surfaces and,

therefore, its thickness is not uniform.

2.2. Method of calculation

Because of Dlh symmetry of the model particles, the

complex permittivity e* of their suspension can be repre-

sented by the following relations when the particles are

randomly oriented [13,14]:

e*� ea*
e*þ 2ea*

¼ P

9
ð2bh þ bzÞ, ð1Þ

where ea* is the complex permittivity of the outer phase, P

the volume fraction of the suspension, bk (k=h, z) the

polarization coefficient for the particle defined by bk=ak/
(Vea*), ak the polarizability, and V the volume of the particle,

subscripts h and z denoting the directions in xy-plane and

along z-axis, respectively. The complex permittivities are

defined by e*= e+ j/(ixe0) with relative permittivity e,
electrical conductivity j, an imaginary unit i, angular

frequency x represented by x=2pf in terms of frequency

f, and the permittivity of vacuum e0.
When P<<1, Eq. (1) becomes [5]

eD* ¼ eD þ jD=ðixe0Þuðe*� ea*Þ=P ¼ 2eDh
*þ eDz

*,

ð2Þ
where

eDk
* ¼ eDk

þ jDk
=ðixe0Þ ¼ ea*bk=3: ð3Þ

This equation was used for assessing the effects of the cell

shape and the thickness uniformity on the dielectric spectra.

The calculations of bk at frequencies from 1 to 1010 Hz were

made for model-R and -PU using BEM [13] and for model-

PC using analytical equations [10].

Table 1 shows the parameter values used in the calcu-

lations. The values of D and L were chosen so as to imitate

the size of the yeast cells used in the previous experimental

study [7], T being typical of biological cells [15,6]. The

value of ja of the outer phase was comparable with that of a

30 mM KCl solution [16] used in the experimental study. To

focus the attention on the effects of the cell shape and the

uniformity of the membrane thickness, es, js of the shell

phase and ei, ji of the inner phase were assumed to be

independent of frequency, by neglecting their slight fre-

quency-dependent behavior [1,2]. The value of es was

chosen so that the membrane capacitance per unit area

(ese0/T) was 0.7 AF cm�2, which was typical of cell

membranes [1,2,5]. The values of ei and ji were made to

be the same as ea and ja for simplicity. Values of K in

model-PC were made so that the volume of the inner phase

was the same as that of model-PU, namely,

½ðD=2Þ2 � K�½ðL=2Þ2 � K�1=2 ¼ ½ðD=2Þ � T �2½ðL=2Þ � T �:
ð4Þ

Fig. 1. Models for rod-shaped cells.

Table 1

Parameter values used in calculations of dielectric spectra

Size of model-particles

Diameter, D 4.1 Am
Length, L from 2�D to 14�D

Thickness of shell phase, T 7.0 nm

Relative permittivity e and conductivity j of phases

Outer phase ea=80 ja=0.27 S m�1

Shell phase es=5.53 js =0
Inner phase ei =80 ji =0.27 S m�1

Table 2

Values of eD* (relative permittivity eD and conductivity jD) evaluated with

BEM using different meshes that have different numbers of elements NE

and nodes NN

NE NN 10 Hz 100 kHz 1 GHz

10�4 eD 10 jD/

(S m�1)

10�3 eD 10 jD/

(S m�1)

eD 102 jD/
(S m�1)

Model-R (q=14)

160 722 7.778 �4.444 7.341 �3.670 �2.615 �1.751

224 1010 7.778 �4.443 7.339 �3.674 �2.617 �1.752

312 1406 7.778 �4.443 7.338 �3.674 �2.616 �1.752

Model-PU (q=14)

160 722 6.797 �4.470 7.514 �3.621 �2.998 �2.003

192 866 6.795 �4.469 7.522 �3.619 �3.001 �2.003

312 1406 6.795 �4.467 7.517 �3.618 �3.000 �2.003
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3. Results and discussion

3.1. Accuracy of BEM calculations

Since the accuracy in BEM calculations depends on how

to divide the boundary into elements, we examined three

different meshes in the cases of model-R and -PU with the

axial ratio q (=L/D) of 14. The calculations of eD* provided

the same results with four significant figures (Table 2). This

indicates that the mesh size used was small enough to attain

sufficient accuracy.

3.2. Behavior of bk

Fig. 2(A) shows frequency dependence of the real (bkV)
and the imaginary (bkW) parts of bk (=bkV+ibkW) for model-R

with q of 14. As seen from this figure, bh shows a one-step
relaxation denoted by h1R. On the other hand, bz consists of

two relaxation terms, z1R and z2R. To obtain dielectric

relaxation parameters for these relaxation terms, we assumed

the Cole–Cole type relaxation [17], i.e., Db/[1+(ixsC
b)mC

b
],

where Db is the relaxation intensity, sC
b the relaxation time

and mC
b the Cole–Cole parameter. Fig. 3 shows the values of

the characteristic frequency f C
b (=1/(2psC

b)), Db, mC
b and the

limiting value Hb of bk at high frequencies.

As shown in Fig. 3, bh and bz for model-R consisted of

one (h1R) and two (z1R and z2R) relaxation terms, respec-

tively, irrespective of q. In the case of model-PU, similar

relaxation terms were found in bh (h1PU) and bz (z1PU and

z2PU) when qz9.0. In case qV7.1, it was difficult to

differentiate z2PU from z1PU, because Db of z2PU was

much lower than that of z1PU, as seen in Fig. 3(B). Both bh
and bz for model-PC consisted of two relaxation terms,

which were denoted by h1PC and z1PC for the low-

frequency terms, and h2PC and z2PC for the high-frequency

ones.

Fig. 2. Frequency-dependence of (A) polarization coefficients bh, bz (real
parts bhV, bzV and imaginary parts bhW, bzW), (B) real (eDh

V, eDz
V, eDV), and

(C) imaginary (eDh
W, eDz

W, eDW) parts of complex permittivities eDh
*, eDz

*,

and eD* for model-R with the axial ratio q of 14. Subscripts h and z denote

the directions in xy-plane and along z-axis, respectively. Values of eDh
W, eDz

W,
and eDW were obtained by subtracting the limiting values (Lh

e, Lz
e , Le) of the

conductivities (jDh
, jDz

, jD) at low frequencies, as eDW=(jD�Le)/(xe0).

Fig. 3. Change in relaxation parameters for b with q. (A) The characteristic

frequency f C
b, (B) the relaxation intensity Db, (C) the Cole–Cole parameter

mC
b , and (D) the limiting value H b at high frequencies.
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The relaxation terms can be classified into four types

based on the values of fC
b shown in Fig. 3(A). Type-h1

contains h1R, h1PU, and h1PC located near 2 MHz inde-

pendent of q. Type-z1 contains z1R, z1PU, and z1PC

shifting to lower frequencies with the increase in q. Based

on conventional theoretical considerations [5,7], type-h1

and -z1, respectively, can be related to the shape of the

particles in xy-plane and along z-axis. Type-2PC (h2PC and

z2PC) can be distinguished from type-z2 (z2R and z2PU)

by its much higher fC
b, being considered to be related to the

inner phase and not to be found in model-R and -PU

because of its very low intensity. The relaxation mechanism

for type-z2 is not made clear at this stage.

3.3. Behavior of eDk
* and eD*

Fig. 2(B) and (C), respectively, show the frequency

dependence of the real and the imaginary parts of eDk
*

and eD* for model-R with q of 14. As seen from the figures,

the frequency dependence of eD* can be represented as a

two-step relaxation consisting of z1R and h1R, because z2R

is hidden in the tails of these terms. This two-step relaxation

found in eD* is consistent with the experimental observa-

tions on rod-shaped yeast cells [7].

Fig. 4. Change in relaxation parameters for eD* with q. (A) The characteristic
frequency f C

e , (B) the relaxation intensity De, and (C) the Cole–Cole

parameter mC
e .

Fig. 5. Change in relaxation parameters for eD* with q. (A) The limiting

value of eD at high frequencies H e and (B) that of jD at low frequencies Le.

Fig. 6. Change in ratios (A) fC2

e / fC1

e and (B) D1
e/D2

e with q. The standard error

of the observed data is less than the size of the mark.
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To perform practical analysis of the frequency depend-

ence of eD*, eD* was expressed by a sum of two relaxation

terms of the Cole–Cole type [17] as

eD* ¼ He þ De
1

1þ ðixseC1
Þm

e
C1

þ De
2

1þ ðixseC2
Þm

e
C2

þ Le

ixe0
,

ð5Þ

where H e is the limiting value of eD at high frequencies, Le

that of jD at low frequencies, De the relaxation intensity, sC
e

the relaxation time and mC
e the Cole–Cole parameter. Sub-

scripts 1 and 2 denote the low- and the high-frequency

relaxation, respectively. Figs. 4 and 5 show the change in

these relaxation parameters with q. The characteristic fre-

quencies f C1

e and f C2

e in Fig. 4(A) were obtained from sC1

e and

sC2

e , respectively. Fig. 6 shows the plots of the ratios f C2

e /f C1

e

and D1
e/D2

e against q.

It is seen from Figs. 4–6 that neither of the shape of the

model and the uniformity of the shell-thickness produces

significant effects on the dielectric spectra of the suspen-

sions. The behavior of the ratios f C2

e /f C1

e and D1
e/D2

e for the

measured data [7] can be quantitatively explained using all

of the models. A remaining subject to be investigated in

future studies is how to deal with the distribution of cell

size, which is commonly found in cell populations used in

experimental studies. A value of 0.9 obtained for mC1

e and mC2

e

from the experimental data [7] could be due to the distri-

bution of cell size. For quantitative examinations of its

effects, modifications of the calculation method are neces-

sary.
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